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Introduction

e Let (£2,X) be a measurable space and p a o-finite measure on (2, X).
|f1gp07ép1goo,0<9<1,o<q§ooand%:ﬂ 9

Po P’
(L™ (), L7 (1)) 0.9 = LP9(n),
with equivalence of quasi-norms.
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e |f m is a vector measure, then a similar result does not hold. Thus,

(L*(m), Lm(m))lfi,p C LP(m), 1< p<oo.
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e Let (£2,X) be a measurable space and p a o-finite measure on (2, X).
|f1gp07ép1goo,0<9<1,o<q§ooand%:1;79+§,

(L™ (), L7 (1)) 0.9 = LP9(n),
with equivalence of quasi-norms. In particular,

(L), L ()11 p = LP(1), 1< p <o
e |f m is a vector measure, then a similar result does not hold. Thus,
(L*(m), Lm(m))lfi,p C LP(m), 1< p<oo.

The inclusion L°°(m) C L*(m) is weakly compact and thus, by Beauzamy's

result, (L'(m), L>°(m));_1 , is reflexive for 1 < p < co.

THEOREM (Beauzamy, Lecture Notes in Math. (1978))
Let0<f<land1l<g<oo.

(Ao, A1)g.q is reflexive < [ : AgN Ay — Ag + A; is weakly compact.
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e Let (£2,X) be a measurable space and p a o-finite measure on (2, X).
|f1gp07ép1goo,0<9<1,o<q§ooand%:1;79+§,

(L™ (), L7 (1)) 0.9 = LP9(n),
with equivalence of quasi-norms. In particular,

(L), L ()11 p = LP(1), 1< p <o
e |f m is a vector measure, then a similar result does not hold. Thus,
(L*(m), Lm(m))lfi,p C LP(m), 1< p<oo.

The inclusion L°°(m) C L*(m) is weakly compact and thus, by Beauzamy's
result, (L'(m), L>°(m));_1 , is reflexive for 1 < p < co.

THEOREM (Beauzamy, Lecture Notes in Math. (1978))
Let0<f<land1l<g<oo.

(Ao, A1)g.q is reflexive < [ : AgN Ay — Ag + A; is weakly compact.
However, LP(m), p > 1, is not reflexive whenever L'(m) # Ll (m).
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@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.
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@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.

THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

|f1gp07ép1goo,o<9<1,o<qgooand%:1;79+%,itholds

(L7 (m), L7 (m))g o = (LR (m), LP(m))g o = (L2 (m), L33 (m))g o = L79([Iml])
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@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.

THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

|f1gp07ép1goo,o<9<1,o<qgooand%:1;79+%,itholds

(L7 (m), L7 (m))g o = (LR (m), LP(m))g o = (L2 (m), L33 (m))g o = L79([Iml])

Lorent space LP9(||m||) with respect to ||m|: 1 < p < 00, 0 < g < o0,
space of (m-a.e equivalence classes of) scalar measurable functions on Q s.t.

1
[ee] q d q
(/ [s%f*(s)} s) , for 1<g< o0,
1l Loaqmp) = 0, s

sup s» £, (s), for g= o0,
s>0

is finite.
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@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of
scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.

THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

|f1gp07ép1goo70<9<1,o<qgooand%:1;79+%,itholds

(L7 (m), LP(m))g o = (L (m), LPY(m))g o = (L2 (m), Lz (m))g o = LP9(||ml])

Lorent space LP9(||m||) with respect to ||m|: 1 < p < 00, 0 < g < o0,
space of (m-a.e equivalence classes of) scalar measurable functions on Q s.t.

1
[ee] q d q
(/ [s%f*(s)} s) , for 1<g< o0,
1l Loaqmp) = 0, s

sup s» £, (s), for g= o0,
s>0

is finite. Here f, is the decreasing rearrangement (with respect to m) of f
fo(t) ;== inf{s > 0:||m||({w € Q:|f(w)| > s}) < t},
and ||m||(A) := sup {|(m, x*)| (A) : x* € B(X*)} the semivariation of m.
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Introduction

e Let Q2 be non-empty set, ¥ a o-algebra of Q and X a complex Banach
space. Let m: ¥ — X be a countably additive vector measure.
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Introduction

e Let Q2 be non-empty set, ¥ a o-algebra of Q and X a complex Banach
space. Let m: ¥ — X be a countably additive vector measure.

L%(m) denotes the space of all measurable functions f : Q — C. Two
functions f, g € L°(m) will be identified if are equal m-a.e., that is, whenever

[ml[({w € Q: f(w) # g(w)}) = 0.
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Introduction

e Let Q2 be non-empty set, ¥ a o-algebra of Q and X a complex Banach
space. Let m: ¥ — X be a countably additive vector measure.

L%(m) denotes the space of all measurable functions f : Q — C. Two
functions f, g € L°(m) will be identified if are equal m-a.e., that is, whenever

[ml[({w € Q: f(w) # g(w)}) = 0.

o f € L%m) is called integrable (with respect to m) if
i) feLr(|(m,x*)]), for all x* € X* (i.e. f is weakly integrable)
i) given any A € ¥, there exists an element [, fdm € X such that
([, fdm, x*) = [, fd{m,x*), for all x* € X*.
Let
LL(m):={f: f is weakly integrable},
LY(m) := {f : f is integrable},
endowed with the norm

Il i=sup{ [ 1Fldltm o) x e B(X*)}.
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Introduction

e Given 1 < p < oo, f € L%(m) is said to be
i) weakly p-integrable (with respect to m) if |f|P € L} (m),
i) p-integrable (with respect to m) if |f|P € L1(m),
Let
LP (m) :={f : f is weakly p-integrable},
LP(m) := {f : f is p-integrable},

with the norm

Il i=sun { ([ 177 altmoxti) " € B0x) |
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e Given 1 < p < oo, f € L%(m) is said to be
i) weakly p-integrable (with respect to m) if |f|P € L} (m),
i) p-integrable (with respect to m) if |f|P € L1(m),
Let
LP (m) :={f : f is weakly p-integrable},
LP(m) := {f : f is p-integrable},
with the norm
1/p
Il == sup{(/ F1Pd(m,x)[) i x € B(X*)}.
e Some properties: ?
- LP(m) is a Banach lattice with order continuous norm.
- L£(m) is a Banach lattice with the Fatou property.
- LP(m) y LP(m) may not be reflexive for p > 1.
- If1 < p1 < pp <00, then
L%®(m) C LP2(m) C LP2(m) C LP:(m) C LPr(m) C LY(m) C L} (m).

= = Fw
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Introduction

e Given a Banach couple X = (Xp, X1), let F(X) be the set of functions f
defined on S ={z € C:0 < Re z <1} with values in Xy + Xi, s.t.:

(a) f is bounded and continuous on S, and analytic on the open strip
So={z€C:0< Rez<1},

(b) the functions t — f(j + it) (j = 0,1) are continuous from R into Xj,
and tend to zero as |t| — oco.

The norm considered in F(X) is
111 = max{ sup | £(i6)x- sup (1 + 7€), }
teR teR

The complex interpolation space [Xo, Xi]jg), 0 < 6 < 1, consists in
x € Xo + Xi such that x = f(6), for some f € F(X).

[Xo, Xi]jgy is a Banach space with the norm

Ixlli = inf {1711 - £(6) = x, £ € F(X)}.
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Introduction

e Given a Banach couple X = (Xo, X1), let G(X) be the set of functions g
defined on S={z € C:0 < Re z <1} with values in Xp + Xi, s.t.:

(@) llg(2)lxo+x < c(1 +12]),
(b) g is continuous on S and analyticon S ={z€ C:0 < Re z < 1},

(c) the function g(j + it;) — g(j + it2) has values in X;, for all real values of
t; and t; and for j = 0,1, and
X }

The space g()'(), reduced modulo constant functions and provided with the
norm ||g||g, is a Banach space.

t it
lellg = max{ sup £V —EUE)]
t,bER thh— b

’ g(1+it1) _g(1+it2)‘
t; — o

The complex interpolation space [Xo,Xl]["], 0 <0 <1, consists in
x € Xo + Xi such that x = g’(0), for some g € G(X).
[Xo, X1]? is a Banach space with the norm

Ixlly = inf { lglo : &'(6) = x. & € G(X) }.
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Introduction

@ A. Ferndndez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez, Complex
interpolation of spaces of integrable functions with respect to a vector measure,
Collect. Math. 61 (2010), 241-252.
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@ A. Ferndndez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez, Complex
interpolation of spaces of integrable functions with respect to a vector measure,
Collect. Math. 61 (2010), 241-252.

THEOREM (Fernindez, Mayoral, Naranjo and Sanchez-Pérez, Collect. Math. (2010))

Given 1 < po # p1 <00,0< @ <1land L =12 4 % it holds that
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@ A. Ferndndez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez, Complex
interpolation of spaces of integrable functions with respect to a vector measure,
Collect. Math. 61 (2010), 241-252.

THEOREM (Fernindez, Mayoral, Naranjo and Sanchez-Pérez, Collect. Math. (2010))

Given 1 < po # p1 <00,0< @ <1land L =12 4 % it holds that

(L7 (m), LP(m)]jg) = [L2(m), LP*(m)]ig) = [L (m), L3 (m)]jg) = LP(m),
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Introduction

@ A. Ferndndez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez, Complex
interpolation of spaces of integrable functions with respect to a vector measure,
Collect. Math. 61 (2010), 241-252.

THEOREM (Fernindez, Mayoral, Naranjo and Sanchez-Pérez, Collect. Math. (2010))

Given 1 < po # p1 <00,0< @ <1land L =12 4 % it holds that
[LP(m), LP(m)]je) = [LW (m), L (m)]je) = [LE (m), LG (m)]jg) = LP(m),

(L7 (m), L2 (m)]¥) = [L52(m), LP(m)]) = [LB2 (m), LB (m)]O = L§,(m).
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Introduction

@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Complex interpolation
of Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

e Orlicz spaces L?(m) and L% (m) generalize the spaces LP(m) and L& (m),
respectively. We are interested in studying if the following equalities hold:
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@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Complex interpolation
of Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

e Orlicz spaces L?(m) and L% (m) generalize the spaces LP(m) and L& (m),
respectively. We are interested in studying if the following equalities hold:

(L7 (m), L (m)] gy = [L3 (m), L (m)]ggy = [L5 (m), L} (m)]jey = L?(m),
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@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Complex interpolation
of Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

e Orlicz spaces L?(m) and L% (m) generalize the spaces LP(m) and L& (m),
respectively. We are interested in studying if the following equalities hold:

(L7 (m), L (m)] gy = [L3 (m), L (m)]ggy = [L5 (m), L} (m)]jey = L?(m),

(L9 (m), L2 (m)]] = [Lg2 (m), L2 (m)]] = [Lg2 (m), L3} (m)]] = L5, (m).
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@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Complex interpolation
of Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

e Given ¢g, 1 € Dy, 0 <0 <1, 671 = (5 ) %67 1)?, do the following
equalities hold?

(L7 (m), L (m)] gy = [L3 (m), L (m)]ggy = [L52 (m), L (m)]jey = L?(m),

(L9 (m), L2 (m)]T = [Lg2 (m), L2 (m)]] = [Lg2 (m), L3} (m)]] = L5, (m).
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Orlicz spaces with respect to a vector measure

@ 0. Delgado, Banach function subspaces of L1 of a vector measure and related Orlicz
spaces, Indag. Math. 15 (2004), 485-495.
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Orlicz spaces with respect to a vector measure

@ 0. Delgado, Banach function subspaces of L1 of a vector measure and related Orlicz
spaces, Indag. Math. 15 (2004), 485-495.

e An N-function is any function ¢ : [0, 00) — [0, 00) which is

o strictly increasing, o ¢(0) =0,
. . X
o continuous, o lim M =0,
x—0 X
i X
o convex, o lim 9(x) = 0
X—o00 X
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Orlicz spaces with respect to a vector measure

@ 0. Delgado, Banach function subspaces of L1 of a vector measure and related Orlicz
spaces, Indag. Math. 15 (2004), 485-495.

e An N-function is any function ¢ : [0, 00) — [0, 00) which is

o strictly increasing, o ¢(0) =0,
. . X
o continuous, o lim M =0,
x—=0 X

o convex,

An N-function has the A,-property (we write ¢ € Ap) if

3C > 0 such that ¢(2x) < C¢(x) for all x > 0.

Antonio Manzano
Com

Universidad de Burgos
terpolation of Orlicz spaces with respect to a vector measure



Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as

Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l om = sup {IIflloqmx-y) 1 X* € Bx=}
w(m)

g efren [o () mer=r).
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Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as

Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L?(|(m, x*)|), x* € X*.
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Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as
Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.
— ¢ m
e The Orlicz space L?(m) (w.r.t. m and ¢) is defined by S() "
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Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as

Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.

—1? m
e The Orlicz space L?(m) (w.r.t. m and ¢) is defined by S() "
o If ¢(x) = xP, L%(m) and L?(m) correspond to LP(m) and LP(m), respect.
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Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as
Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.
e The Orlicz space L?(m) (w.r.t. m and ¢) is defined by ﬁl_ﬁ(m).
o If ¢(x) = xP, L%(m) and L?(m) correspond to LP(m) and LP(m), respect.
e The corresponding Orlicz classes (w.r.t. m and ¢) are given by
Ofy(m) = {f :€ L°(m) : ¢(|f]) € L, (m)},
0%(m) := {f :€ L°(m) : ¢(|f]) € L*(m)}.
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Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as
Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.
e The Orlicz space L?(m) (w.r.t. m and ¢) is defined by ﬁl_ﬁ(m).
o If ¢(x) = xP, L%(m) and L?(m) correspond to LP(m) and LP(m), respect.
e The corresponding Orlicz classes (w.r.t. m and ¢) are given by
Ofy(m) = {f :€ L°(m) : ¢(|f]) € L, (m)},
0%(m) := {f :€ L°(m) : ¢(|f]) € L*(m)}.

It holds that
0%(m)CLS(m) and O?(m)CL?(m).
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Orlicz spaces with respect to a vector measure

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as
Lo (m) = { £ € Lo(m) : |Fll g < o0}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.
b

e The Orlicz space L*(m) (w.r.t. m and ¢) is defined by () " .
o If ¢(x) = xP, L%(m) and L?(m) correspond to LP(m) and LP(m), respect.
e The corresponding Orlicz classes (w.r.t. m and ¢) are given by
Oy (m) = {f :€ L°%(m) : ¢(|f]) € L;,(m)},
0%(m) := {f :€ L°(m) : ¢(|f]) € L*(m)}.
When ¢ € A,
0%(m)=L%(m) and 0%(m)=L%(m).
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Interpolation of Orlicz spaces associated to a vector measure

e Let (Xp, X1) be a couple of Banach lattices on the same measure space
and 0 < # < 1, the Calderén’s space X] X/ is

X37OXY = {f € [°:3X > 0,3f € B, sit. |f| <A|h|* %A%},
with the norm

11l xa-oxo := inf{A > 0: |f| < A" |fi|’, fo € Bxy, fi € Bx;}-
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Interpolation of Orlicz spaces associated to a vector measure

e Let (Xp, X1) be a couple of Banach lattices on the same measure space
and 0 < # < 1, the Calderén’s space X] X/ is

X37OXY = {f € [°:3X > 0,3f € B, sit. |f| <A|h|* %A%},
with the norm
11l xa-oxo := inf{A > 0: |f| < A" |fi|’, fo € Bxy, fi € Bx;}-

It holds that
CLL XoN X1 € [Xo, Xaljep € Xg X! C [Xo, Xa] € Xo + Xi.

CL2 If Xp or Xy is order continuous, then [Xo, X1]je) = X3 70XY!.
CL3 If Xp and X; have the Fatou property then [Xo, X;]) = X3 ~9X¢.
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Interpolation of Orlicz spaces associated to a vector measure

e Given a Banach couple (Xp, X1) and 0 < § < 1, the Gustavsson-Peetre
space (Xp, X1, 6) is the Banach space formed by

x € Xp + Xy for which H(Xk)kEZ C Xp N Xy s.t.

GP1 x = Zxk, where the series converges in Xy + Xi.
kEZ
GP2 3C > 0 s.t. for every finite subset F C 7Z and every subset of scalars
(5k)keF: with ‘5k| <1,

€k
> ko <k

keF

< C and

Xo

<C.

X1

Ek
Z Sk(6—1) %k

keF

The norm considered in (Xp, X1, 0) is

X1 (X5, %:,6) = Inf{C > 0 : taken over all (xx)xez satisfying GP1 and GP2}.
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Interpolation of Orlicz spaces associated to a vector measure

e Given a Banach couple (Xp, X1) and 0 < § < 1, the Gustavsson-Peetre
space (Xp, X1, 6) is the Banach space formed by

x € Xp + Xy for which H(Xk)kEZ C Xp N Xy s.t.

GP1 x = Zxk, where the series converges in Xy + Xi.
kEZ
GP2 3C > 0 s.t. for every finite subset F C 7Z and every subset of scalars
(5k)keF: with ‘5k| <1,

€k
> ko <k

keF

< C and

<C.

Ek
Z Sk(6—1) %k

keF

Xg Xl
The norm considered in (Xp, X1, 0) is
X1 (X5, %:,6) = Inf{C > 0 : taken over all (xx)xez satisfying GP1 and GP2}.

Moreover, (Xo, X1,6) C [Xo, X1](.
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Interpolation of Orlicz spaces associated to a vector measure
PROPOSITION

Let ¢, 1 € Ao, 0 < 6 < 1 and let ¢ be given by ¢~ := (1) %(¢7 1)’
Then

(1) LP(m)t=0Lo(m)? = L?(m).
(2) Lip(m)'=0Lg(m)® = L§(m).

Antonio Manzano Universidad de Burgos

Complex interpolation of Orlicz spaces with respect to a vector measure



Interpolation of Orlicz spaces associated to a vector measure

Let ¢, 1 € Ao, 0 < 6 < 1 and let ¢ be given by ¢~ := (1) %(¢7 1)’
Then

(1) LP(m)t=0Lo(m)? = L?(m).
(2) Lip(m)'=0Lg(m)® = L§(m).

L?(m) is order continuous and L% (m) has the Fatou property.
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Interpolation of Orlicz spaces associated to a vector measure

Let ¢, b1 € Aa, 0 < 0 < 1 and let ¢ be given by ¢~ := (¢ 1) ~%(p71)°.
Then

(1) LP(m)t=0Lo(m)? = L?(m).
(2) Lip(m)'=0Lg(m)® = L§(m).

L?(m) is order continuous and L% (m) has the Fatou property.

COROLLARY
Let o, 1 € Do, 0< O <1and ¢st. ¢ = (1) ?(¢7")?. It holds that

[L2°(m), L7 (m)]jg) = L?(m).

[L52 (m), L (m)] = L5, (m).
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Interpolation of Orlicz spaces associated to a vector measure

@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.
e Some partial ordering relations between N-functions:

¢1 < ¢p if e >0, Ixg > 0 s.t. P1(x) < olex), for all x > xp.

P1 <K ¢ if Ve >0, Ix. > 0 s.t. d1(x) < do(ex), for all x > x..
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Interpolation of Orlicz spaces associated to a vector measure

@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.

e Some partial ordering relations between N-functions:
¢1 < ¢p if e >0, Ixg > 0 s.t. P1(x) < olex), for all x > xp.
P1 <K ¢ if Ve >0, Ix. > 0 s.t. d1(x) < do(ex), for all x > x..

Let ¢, 1 € Ay.
(1) If ¢1 < ¢, then LE(m) C L% (m), and LP(m) C L (m).
(2) If ¢1 =< ¢o, then L2°(m) C L% (m).
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Interpolation of Orlicz spaces associated to a vector measure

@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.

e Some partial ordering relations between N-functions:
¢1 < ¢p if e >0, Ixg > 0 s.t. P1(x) < olex), for all x > xp.
P1 <K ¢ if Ve >0, Ix. > 0 s.t. d1(x) < do(ex), for all x > x..

LEMMA

Let ¢, 1 € Ay.

(1) If ¢1 < ¢, then LE(m) C L% (m), and LP(m) C L (m).
(2) If ¢1 =< ¢o, then L2°(m) C L% (m).

For ¢1(x) := xP, ¢o(x) :=x9, 1 < p < q, it follows that ¢y << ¢g, and
therefore the well-known inclusion L%, (m) C LP(m).
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Interpolation of Orlicz spaces associated to a vector measure

@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.
e Some partial ordering relations between N-functions:
d1 < o if Fe >0, Ixg > 0 s.t. P1(x) < doex), for all x > xp.
$1 K ¢ if Ve >0, Ixc > 0 s.t. d1(x) < ¢o(ex), for all x > xc.

LEMMA

Let o, 1 € Aa, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 ") 7(¢7 1)’
(1) If ¢1 < o, then Lg2(m) € Lg(m), and L% (m) € L% (m).

(2) If ¢1 = ¢o, then L (m) C L?(m).
(3) If g1 < o, then ¢y < ¢ < do. If d1 << o, then ¢1 < ¢ < do.

Universidad de Burgos
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Interpolation of Orlicz spaces associated to a vector measure

@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.
e Some partial ordering relations between N-functions:

d1 < o if Fe >0, Ixg > 0 s.t. P1(x) < doex), for all x > xp.

$1 K ¢ if Ve >0, Ixc > 0 s.t. d1(x) < ¢o(ex), for all x > xc.
LEMMA
Let ¢o,d1 € As, 0 < @ < 1 and let ¢ be given by ¢~ = (¢, ") (o, )".
(1) If ¢1 < o, then LLo(m) C LE(m), and L%(m) C L?(m).
(2) If ¢1 << ¢o, then L2°(m) C L% (m).
(3) If @1 < ¢, then ¢1 < & < . If p1 =< g, then P1 < & << .

Let ¢, d1 € Aa, 0 < 0 < 1 and let ¢ be given by ¢~ := (¢ 1) (o7 )°.
If o1 K ¢, it follows that

(L (m), L?*(m),0) = Ly,(m).
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Interpolation of Orlicz spaces associated to a vector measure

LEMMA

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) ~%(¢7 1)’
There exits a continuous function h : (0,00) — (0, 00) s.t.

#(2) = do(zh(2) ") = ¢1(zh(2)'"°), z>0.

Moreover, if ¢1 << ¢g then lim h(z) = .
Z—00
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Interpolation of Orlicz spaces associated to a vector measure

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) ~%(¢7 1)’
There exits a continuous function h : (0,00) — (0, 00) s.t.
#(2) = ¢o(zh(z)™?) = ¢1(zh(2)17?), z>0.

Moreover, if ¢1 << ¢g then lim h(z) = .
Z—00

Sketch of the proof of the last theorem: (L% (m), L?*(m), ) = L% (m).
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Interpolation of Orlicz spaces associated to a vector measure

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) ~%(¢7 1)’
There exits a continuous function h : (0,00) — (0, 00) s.t.
#(2) = ¢o(zh(z)™?) = ¢1(zh(2)17?), z>0.

Moreover, if ¢1 << ¢g then lim h(z) = .
Z—00

Sketch of the proof of the last theorem: (L% (m), L?*(m), ) = L% (m).
Given any x* € X*, it follows that

(LP(m), L?(m), 8) C (L?(|(m,x*)]), L7 (|{m, x*)]),0) S L*(|(m, x")]),
which gives (L%(m), L?*(m),0) C L%(m).
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Interpolation of Orlicz spaces associated to a vector measure
LEMMA

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) ~%(¢7 1)’
There exits a continuous function h : (0,00) — (0, 00) s.t.

#(2) = do(zh(2) ") = ¢1(zh(2)'"°), z>0.

Moreover, if ¢1 << ¢g then lim h(z) = .
Z—00

Sketch of the proof of the last theorem: (L% (m), L?*(m), ) = L% (m).
Given any x* € X*, it follows that

(LP(m), L?(m), 8) C (L?(|(m,x*)]), L7 (|{m, x*)]),0) S L*(|(m, x")]),
which gives (L%(m), L?*(m),0) C L%(m).

Now, let f € L%(m), f >0, I£1l6(m < 1 and consider the function h given
by the previous lemma. Fix k € Z, let f, := fxa, Where

A= {w € Q: h(f(w)) € [2%, 2]},
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Interpolation of Orlicz spaces associated to a vector measure

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) ~%(¢7 1)’
There exits a continuous function h : (0,00) — (0, 00) s.t.
#(2) = ¢o(zh(z)™?) = ¢1(zh(2)17?), z>0.

Moreover, if ¢1 << ¢g then lim h(z) = .
Z—00

Sketch of the proof of the last theorem: (L% (m), L?*(m), ) = L% (m).
Given any x* € X*, it follows that
(LP(m), L?(m), 8) C (L?(|(m,x*)]), L7 (|{m, x*)]),0) S L*(|(m, x")]),
which gives (L%(m), L?*(m),0) C L%(m).
Now, let f € L%(m), f >0, I£1l6(m < 1 and consider the function h given
by the previous lemma. Fix k € Z, let f, := fxa, Where
A= {w € Q: h(f(w)) € [2%, 2]},

fx is a bounded function. If not, 3(w,) C Ak s.t. f(w,) — oo and then
h(f(w,)) — oo, which contradicts (w,) C Ax.
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Interpolation of Orlicz spaces associated to a vector measure

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) ~%(¢7 1)’
There exits a continuous function h : (0,00) — (0, 00) s.t.
#(2) = ¢o(zh(z)™?) = ¢1(zh(2)17?), z>0.

Moreover, if ¢1 << ¢g then lim h(z) = .
Z—00

Sketch of the proof of the last theorem: (L% (m), L?*(m), ) = L% (m).
Given any x* € X*, it follows that

(L (m), L7"(m), 8) S (L% (|{m, x*)]), L2 (|{m, x*)]), 0) € L([{m, x")]),
which gives (L%(m), L?*(m),0) C L%(m).
Now, let f € L%(m), f >0, I£1l6(m < 1 and consider the function h given
by the previous lemma. Fix k € Z, let f, := fxa, Where

A= {w € Q: h(f(w)) € [2%, 2]},

fx is a bounded function. If not, 3(w,) C Ak s.t. f(w,) — oo and then

h(f(wn)) — oo, which contradicts (w,) C Ak. Since f is bounded, so are
do(f) and ¢1(f). In particular fi € L?(m) N L% (m) = L%(m).
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Interpolation of Orlicz spaces associated to a vector measure

Let us check that (fx)kez satisfies GP1 and GP2.
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Interpolation of Orlicz spaces associated to a vector measure

Let us check that (fx)kez satisfies GP1 and GP2.
o0

GP1. Evidently f = Z fi pointwise, each of its partial sums is pointwise
k=—o0

bounded by f € L% (m) C L?1(m). The order continuity of the norm in

(o)
L#1(m) gives the convergence of Z f to £ in L?1(m) = L%(m) + L®1(m).

k=—o0
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Interpolation of Orlicz spaces associated to a vector measure

Let us check that (fx)kez satisfies GP1 and GP2.
o0

GP1. Evidently f = Z fi pointwise, each of its partial sums is pointwise
bounded by f € Lﬁ’,(:;_gmﬁl(m). The order continuity of the norm in
L#1(m) gives the convergence of i f to £ in L?1(m) = L%(m) + L®1(m).
GP2. Let F C Z finite and (5k)kk€:p_\7v<;th lex| < 1. Using the definitions of
functions f, and h, and ¢g € A,,

%o ( ) Z¢o(2fkefk) < Z¢o(2h(fk)70fk)

C> do(h(f) f) =D d(f) = Co (Z fk> < Co(f)

keF keF keF

€k
k8
keF

fx

IN

IN
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Interpolation of Orlicz spaces associated to a vector measure

Let us check that (fx)kez satisfies GP1 and GP2.
o0

GP1. Evidently f = Z fi pointwise, each of its partial sums is pointwise
bounded by f € Lﬁ’,(:;_gmﬁl(m). The order continuity of the norm in
L#1(m) gives the convergence of i f to £ in L?1(m) = L%(m) + L®1(m).
GP2. Let F C Z finite and (5k)kk€:p_\7v<;th lex| < 1. Using the definitions of
functions f, and h, and ¢g € A,,

o ( ) D 0(27h) <D do(2h(f) U f)

keF keF

C> do(h(f) f) =D d(f) = Co (Z fk> < Co(f)
Then || (’Zkepfkfk/zkel)u%(m) < Cl|¢(F)ll 2 (my < C. Hence, it can be

keF keF keF
proved that HZkerkfk/zkeHL%(m) < C+1.

€k
k8
keF

fx

IN

IN
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Interpolation of Orlicz spaces associated to a vector measure

Let us check that (fx)kez satisfies GP1 and GP2.
o0

GP1. Evidently f = Z fi pointwise, each of its partial sums is pointwise
bounded by f € Lﬁ’,(:;_gmﬁl(m). The order continuity of the norm in
L#1(m) gives the convergence of i f to £ in L?1(m) = L%(m) + L®1(m).
GP2. Let F C Z finite and (5k)kk€:p_\7v<;th lex| < 1. Using the definitions of
functions f, and h, and ¢g € A,,

o ( ) D 0(27h) <D do(2h(f) U f)

keF keF

C> do(h(f) f) =D d(f) = Co (Z fk> < Co(f)
Then || (’Zkepfkfk/zkel)u%(m) < Cl|¢(F)ll 2 (my < C. Hence, it can be

keF keF keF
proved that HZkerkfk/2k9HL$0(m) < C+1.
Similar arguments yield that HZkeFskfk/2k(9’1)||l_¢l(m) <1 d

€k
k8
keF

fx

IN

IN
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Interpolation of Orlicz spaces associated to a vector measure
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Interpolation of Orlicz spaces associated to a vector measure

Ly(m) = (L%(m),L?"(m),0)
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Interpolation of Orlicz spaces associated to a vector measure

Lo(m) = (L%(m), L7 (m),6) C [L%(m), L (m)]l)
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Interpolation of Orlicz spaces associated to a vector measure

(m) = (L(m), L% (m).0) € [L(m). L (m)]"
L2 (m). L5 ()]

L¢

w

-
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Interpolation of Orlicz spaces associated to a vector measure

(m) = (L%(m),L?(m),6) C [L%(m), L (m)]l)
(L5 (m), Lo (m)]PT = (L0 (m) (L5 (m))?

L¢

w

C
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Interpolation of Orlicz spaces associated to a vector measure

(m) = (L%(m),L?(m),6) C [L%(m), L (m)]l)
(L5 (m), Lot (m)]F = (L (m)) (L3 (m)? = L, (m).

L¢

w

C
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Interpolation of Orlicz spaces associated to a vector measure

Lo(m) = (L%(m), L7 (m),6) C [L%(m), L (m)]l)
(L5 (m), Lot (m)]F = (L (m)) (L3 (m)? = L, (m).

N

Therefore,
[L7(m), L2 (m)]1) = [L52(m), L (m)]E) = L5, (m),
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Interpolation of Orlicz spaces associated to a vector measure

Lo(m) = (L%(m), L7 (m),6) C [L%(m), L (m)]l)
(L5 (m), Lot (m)]F = (L (m)) (L3 (m)? = L, (m).

N

Therefore,
[L7(m), L2 (m)]1) = [L52(m), L (m)]E) = L5, (m),

and, by L%(m) C L%(m) (i = 0,1), it also holds that
(L% (m), LA (m)]¥] = [Li2 (m), L7 (m)] = L5, (m).
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Interpolation of Orlicz spaces associated to a vector measure

Lo(m) = (L%(m), L7 (m),6) C [L%(m), L (m)]l)
(L5 (m), Lot (m)]F = (L (m)) (L3 (m)? = L, (m).

N

Therefore,
[L7(m), L2 (m)]1) = [L52(m), L (m)]E) = L5, (m),

and, by L%(m) C L%(m) (i = 0,1), it also holds that
(L% (m), LA (m)]¥] = [Li2 (m), L7 (m)] = L5, (m).

This gives (i) in the following theorem.
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Interpolation of Orlicz spaces associated to a vector measure

Lo(m) = (L%(m), L7 (m),6) C [L%(m), L (m)]l)
(L5 (m), Lo (m)]PF = (L (m) (L3 (m))? = Lg(m).

N

Therefore,
[L7(m), L2 (m)]1) = [L52(m), L (m)]E) = L5, (m),

and, by L%(m) C L%(m) (i = 0,1), it also holds that

(L% (), LG ()] = [L80 (m), L2 ()] = L6 (m).
This gives (i) in the following theorem.
THEOREM

Let ¢o,d1 € Aa, 0 < @ < 1 and let ¢ be given by ¢~ := (¢ 1) 0 (o7 )°.
If 1 << ¢o, then

(1) [L# (m), L2 (m)] = [L%(m), L3z (m)]] = [Lg (m), L (m)]P) = L5, (m).
(if) [Ly2 (m), L (m)]jgy = [L7(m), L (m)]gg) = [L3 (m), L7 (m)]ggy = L?(m).
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