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Definition

Let X be a Banach space and V be a linear, closed subspace of X. Then by

P(X, V) we denote the set of all linear projections continuous with respect to
the operator norm. An operator P : X — V is called a projection, if P|y = idy.
A projection Py € P(X, V) is called minimal if

IPo]l = A(V, X) :=inf{||P]| : P € P(X, V)}.

Forallx € X
IIx — Px|| < ||Id — P|| - dist(x, V) < (1 +||P]]) - dist(x, V),

where dist(x, V) :=inf{||x — v|| : v € V}.
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Let V C Z be two subspaces of a Banach space X. Then

Pv(X,Z) = {P e L(X,2): Py = id}.

An element P, € Py(X, Z) is called a minimal generalized projection (MGP) if

[|Pol| = Az(V, X) :=inf{||P|| : P € Pv(X,2)}
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Definition

Let Co(27) denote the space of all continuous, 27-periodic functions
equipped with the supremum norm. Let I, denote the space of all
trigonometric polynomials of degree less than or equal to n. The Fourier
projection F, : Co(27) — M is defined by

FolF)(1) = = /f(s )Da(t — s)d,

where D, is the Dirichlet kernel

Du(t) = Z e,

k=—n
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It is well known by the classical result of Lozinski [1] that Fourier operator F,
has the minimal norm among all projections from Co(27) onto M. If we
replace Co(27) by L4[0, 27] the Lozinski theorem stays true. In 1969, Cheney,
Hobby, Morris, Schurer and Wulbert [2] have proved that the Fourier
projection is the unique minimal with respect to the operator norm in
L(Co(27)). In the same year, Lambert [3] proved the analogous result for
L4[0, 27].
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De la Vallée Poussin’s operator H, : X — l2,_1 is given by

2n—1

Ha()(t) = Z Fi(F)(2) / W( ) Vy(t — s)ds,

where

2n—1 (S|n(nx))2 (sin(gX))Z
Va(t) = Z Dn(t) = n(sin(1x))2 '
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Let X be Co(27) or L1[0,27]. Then de la Vallée Poussin’s operator Hy is a
minimal generalized projection in Pn, (X, Man—1).

Lemma

Let X be Co(27) or L1[0, 2x]. For every P € Pn,(X, M2,—1) there exists
P € Pn, (X, M2n—1) such that

| A\

_ _ o7 2n—1 )
IPI < 1Pl and P()(t) = 5 [ f(s) Y axe™ds

27 Jo
k=—2n+1

for some ax € C.

N

It is worth mentioning that Mehta showed that the norm of the de la Vallée
Poussin operator is always equal 1 + 2.

H. Mehta, The L1 norm of the generalized de la Vallee Poussin kernel,
arXiv:1311.1407 [math.CA] (2013), 1-12.
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Definition
Let X = Co(27) or X = L4[0, 27]. Let Hin,sn : X — Msp—1 be given by

sn—1

Hineon(F)(1) = 1r)n Z Fe(F) (D) / £(8)Vinan(t — 8)ds, (1)
where
Vimon(t) = 5”2:1 Di(t) = sm( Lnt) sin( 5~ nt) @)
e n—~ ~ (s—r)n(sin(31))2

for some r, s € N such that r < s.
Then Hm,sn is called de la Vallée Poussin’s type operator.

Observe that for every operator P which is de la Vallée Poussin’s type
operator there exist unique natural numbers r, s, n such that r and s are
coprime and P = Hi sn.
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Let X = Co(27) or X = L4[0, 2x]. Then for all r € N operator H;, (-+1), is MGP
in an(xv I_I(f+1)f7—1 )

Theorem

Let X = Co(27) or X = L4[0, 27]. Then for all r € N operator Hy,(r12)n is MGP
in an(X, I'I(,+2),,,1).

| A\

Let n,s € Nand s > 3. Then H,_ s, is not a minimal generalized projection in
PI'I,,(X7 I-Isn71)-
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Let X = Co(2r) or X = L4[0, 2x]. If r, s are coprime and H,sn is MGP in
P (X, Men_i) then s=r+1ors=r+2.

For more details, see: B. Deregowska, B. Lewandowska, On the minimal
property of de la Vallée Poussin’s operator, Bull. Aust. Math. Soc. 91 (2015),
no. 1, 129-133.
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Thank you for your attention
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