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Copson operator
For f € L}

loc

< f
C*f(x):/ gdt, 0 < x < oo0.

Nonincreasing majorant
For f € L°

f(x) = esssup|f(t)], 0< x < oc.
x<t
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Cesaro space
For a B.fs. X

X ={f e L”:[flex = [IC[f]llx < oo} (4)

Tandori space

For a B.fs. X _ _
X ={fel’:|fllz=flx < oo} (5)
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> For p > 1 we have Ces, = Lr

Theorem (Maligranda-KL 2015)

Let X be a B.f.s. with the Fatou property such that C: X — X is
bounded. If the dilation operator o is bounded on X for some 0 < b < 1
then .

() =x’
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Interpolation spaces

» X is intermediate for a (compatible) couple of Banach spaces
(Xo,Xl) when Xo N Xy C X C Xy + Xi.

> T :(Xo,X1) — (Xo, X1) when T is defined on Xy + Xj and
T:Xo—Xpoand T : Xy — X;
with

” TH(XO,X1)*>(X07X1) = maX{H T||Xo*>xo’ H T||X1HX1}'

» X is interpolation space for the couple (X, X1) (we write
X € int(Xp, X1)) when X is intermediate and for each
T : (Xo,X1) — (Xo, X1) there holds

T:X— X.



K-functional
For f € Xy + X; the K-functional of f with respect to the couple
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K-functional
For f € Xy + X; the K-functional of f with respect to the couple
(Xo, X1) is defined as

K(t, f; X0, X1) = infF{||follx, + tllfillx : f = fo + fi} for t > 0.

K-method of interpolation
For a given B.f.s. E over containing the function min{t, 1} define

(Xo, X)) = {f e Xo+ X1 : K(-, f, X0, X1) € E}

with the norm
[ llxo ) = 1K £, Xo, Xa) |-
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Calderén couple
A couple (Xp, X1) is called Calderén couple when each interpolation
space may be generated by the K-method.

Theorem [Brudnyi-Kruglyak]
TFAE:
i) For X € int(Xp, X1) there is a B.f.s. E such that

(X0, X1)E = X
ii) Foreach f,g e Xy + X4
K(- i X0, X1) < K(,8: X0, X1) = 31 (x0.x0)—(X0.x) T& = F
i) For each f,g € Xo+ X; and X € int(Xp, X1)

K('7f;X0aX1) < K('ag;XOaXI)ag ceX = feX
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» (L' + L*°, L' N L*°) - Maligranda-Ovchinnikov
» (C[0,1],Ag[0,1]) - Cwikel-Mastyto

» (E, L*°) for non-strechable symmetric E - Kalton
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Theorem (KL 2015)

The couple (L~1, L) is a Calderén couple.
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Sketch of proof
Let f,g € [1 + [ be such that
K(-, f; [1, L) < K(-, g; L1, L).
We need to find H : (L1, L) — (LI, L°°) such that
Hg=f

Scheme:

(L1, L) —2 (L1, 1) —T— (L1, 1) —M (L1, 1)

Easy part:
M = Mf/f.
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Looking for S

Proposition
Let g € [0 = {f € L°: f € L°}. Then for each g > 1 there is a linear
operator S defined on L0 such that

Sg=8
and for each h € L0 y
|Sh| < qh.
In particular, for each B.f.s. X there holds ||S||z & < g.

X—X

Remark
Using Hahn-Banach-Kantorovitch theorem one may take g = 1.
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Looking for T

» For a = (ay,...,a,) € R", a* is the vector produced by permuting
entries of |al in nonincreasing order.

» Writing b < a, for a, b € R" we understand that

k k
Zb}" < Za?‘ for each 0 < k < n,
i=1 i=1
> A positive matrix A = (a;)7;_; (here positivity means that 0 < a;
for all i, j, or equivalently 0 < Aa for each 0 < a € R") is called
substochastic when

Za,-jgland Zaj,-glforeach0<i<n- (6)
j=1 Jj=1

> A positive matrix A is substochastic if and only if Aa < a for each
0<aeR™
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v

For f,g € L' + L we write f < g when

/ F(t)dt < / g*(t)dt for each x > 0.
0

X
0

v

K(x, £ L5 L) = [ F*(t)dt

A linear positive operator (in the sense that 0 < f implies 0 < Tf)
defined on L! + L°°, mapping continuously L! into L' and L* into
L>° with both norms less or equal one is called substochastic.

v

> A positive T is substochastic if and only if Tf < f for each
felt+ L.
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Theorem (Hardy-Littlewood-Pdlya)

Let 0 < a,b € R". If b < a then there exists a substochastic matrix A
such that Aa = b.

Theorem (Calderén)

Let 0 < f,g € L' + L™ and suppose that g < f. Then there is a
substochastic operator T such that Tf = g.
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Proposition
Let X be a Banach function space and f € X 4+ L. Then

K(t,£; X, L®) = K(t, & X, L™).

Therefore K(-, f; L~1, L)< K(-, g; L~1, L) means that
f<g.

By Calderén theorem there is a substochastic operator T such that
Tg=".

But _ _
T (L1, L) 4 (L1 L)
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Looking for T

Definition
X, Y - Banach function spaces. An operator T : X — Y is monotone if

it is positive (i.e. 0 < f implies 0 < Tf) and for each nonincreasing
0 < f € X, Tf is also nonincreasing.

Proposition

If a bounded operator T : X — Y is monotone, then T : X — Y with
1Tz 5 <ITlx=vy.
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Let 0 < a, b € R" be both nonincreasing. If b < a then there exists a
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Theorem (Bennett-Sharpley 1986, KL 2015)

Let 0 < f,g € L' + L™ be both nonincreasing and suppose that g < f.
Then there is a substochastic monotone operator T such that Tf = g.
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Theorem (Maligranda-KL 2015)

Let X, Xp, X; be B.f.s. with the Fatou property and such that C is
bounded on them.

(a) If the dilation operator o, is boundedon X and Xj for some
0<7<1, then

©(CXo, CX1) = Clip(Xo, X1)]- (7)

(b) If X is a symmetric space such that C is bounded on ¢(L!, X), then
(L, CX) = Cle(LF, X)]. (8)

(c) If either Xp, Xy are symmetric spaces, or C* is bounded on both Xj
and Xi, then

(X0, X1) = [10(Xo, X0)] ™. (9)
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Theorem (Maligranda-KL 2015)

Let 0 < 6 < 1. Assume that X, Xp, X; are complex Banach function
spaces with the Fatou property, L' N L% < X, and such that the
operator f — C|f| is bounded on all of them.

(a) If the dilation operator o, for some 0 < a < 1 is bounded on X; and
X1 and at least one of the spaces Xy or Xj is order continuous, then

[CXo, CX1]o = C([Xo, Xu]o)-

(b) If X is a symmetric space, then

[L!, CX]o = C([L*, X]o).

(c) If at least one of the spaces Xp, X is order continuous and either X
and Xj are symmetric spaces or C* is bounded on Xy and X, then

[Xo, Xilo = ([Xo, X1lo)™



Theorem (Maligranda-KL 2015)

Let Xy, X1 be B.f.s. with the Fatou property. If C and C* are bounded on
X; for i = 0,1 and F is an interpolation functor with the homogenity
property, that is, F(Xp(w), X1(w)) = F(Xo, X1)(w) for any weight w,
then

F(CXp, CX1) = CF (X, X1). (10)

In particular,
(CXo, CX41)§ = Cl(Xo, X1)¢]- (11)



Thank you!



