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Motivation.

Theorem [Betiuk-Pilarska & Prus, 2008]

Suppose that X is a weakly orthogonal Banach lattice with the char-
acteristic of monotonicity €9 m(X) < 1. Then X has weak normal
structure.

Recall that a Banach lattice X is said to be weakly orthogonal if
liminf liminf ||[x,| A [xm]|| =0
n—oo m—o0

whenever (x,) is a sequence in X which converges weakly to 0.
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Introduction and some basic results

Definition
A normed space (X, ||.||) with a partial order < is said to be
a normed lattice (X, <, ||.||) whenever the following conditions
are satisfied:
a) x<y=x+z<y+z Vxy,zelX,
b) (x>0ANaeR,)= ax >0,
c) any two elements x,y € X have the least upper bound
(x V. y = sup(x,y)) and the greatest lower bound
(x Ay =inf(x,y)),
d) 1 < Iy| = lixllx < llyllx, where [x] = xV (=) for every
x € X.
If in addition X is a Banach space, then (X, <, ||.||) is called
a Banach lattice.
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Modulus and characteristic of monotonicity in Kéthe spaces

Denote Xy = {x € X: x > 0} and

SH(X) =S(X)N X,

Definition

A Banach lattice X is said to be strictly monotone (X € (SM)), if for
all x,y € X such that y < x and y # x, we have |ly|| < [|x].

Radostaw Kaczmarek On the moduli and c cteristic of monotonicity in Orlicz-Lore¢



Monotonicity modulus and characteristic

Introduction and some basic results e .. .
A formula for the characteristic of monotonicity g ,,(X)

Modulus and characteristic of monotonicity in Kéthe spaces

Denote Xy = {x € X: x > 0} and

SH(X) =S(X)N X,

Definition

A Banach lattice X is said to be strictly monotone (X € (SM)), if for
all x,y € X such that y < x and y # x, we have |ly|| < [|x].

Definition
A Banach lattice X is said to be uniformly monotone (X € (UM)), if

Ll e v > —yl<1-4(e). (1
0<e<l §(e)e(0,1) 0<y<x, |Ix||=1 (vl =e)=llx—yl < (e). (1)

Radostaw Kaczmarek On the moduli and characteristic of monotonicity in Orlicz-Lore



Monotonicity modulus and charact
A formula for the characteristic of monotonicity g _,(X)

Introduction and some basic results

Modulus and characteristic of monotonicity in Kéthe spaces

Definition
Let X be a Banach lattice. The function dp, x : [0,1] — [0,1] de-
fined by

omx(€) = Inf{l —[lx —y[|: 0 <y <x|[Ix| =1, ]yl = ¢} (2)

is said to be the (lower) modulus of monotonicity of X.
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Modulus and characteristic of monotonicity in Kéthe spaces

Let X be a Banach lattice. The function dp, x : [0,1] — [0,1] de-
fined by

omx(€) = Inf{l —[lx —y[|: 0 <y <x|[Ix| =1, ]yl = ¢} (2)

is said to be the (lower) modulus of monotonicity of X.

1) X € (UM) < 0, x() > 0 for every € € (0, 1].
2) X € (SM) < §, x(1) = 1.
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Modulus and characteristic of monotonicity in Kéthe spaces

Let us define for any ¢ € [0, 1]:

5> .
Omx(€) =inf{l —[Ix —y[: 0 <y <x,[Ix]| = L,[ly]| = €},

57: 1 o
6m,X(€) = 'nf{l - ”X —Y|| 0<y <x, HXH =1, HyH = 5}7
So(e) =inf{l—x -y : 0<y < x,|x| < Lllyll >},
B.= 5
Omx(e)=inf{l =[x —y[|: 0<y <x [Ix[| <L,y = e}

Then

Sox(e) = 0ox(e) = do5(e) = 0ox(e)  Vee[0,1].
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Introduction and some basic results

Fact [Kurc, 1993]
The modulus of monotonicity dm x(.) of a normed lattice X is:

@ a nondecreasing function on the interval [0, 1],

The modulus of monotonicity dm x(.) needn't be left continuous at
the point 1.
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Introduction and some basic results

Fact [Kurc, 1993]
The modulus of monotonicity dm x(.) of a normed lattice X is:
@ a nondecreasing function on the interval [0, 1],

@ a convex function on the interval [0, 1], which is continuous
on the interval [0, 1).

The modulus of monotonicity dm x(.) needn't be left continuous at
the point 1.
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Introduction and some basic results

Definition
Let X be a Banach lattice. The number g ,(X) € [0, 1] defined as

sup{e € [0,1]: dm x(¢) = 0O} (3)

is said to be the characteristic of monotonicity of X.

€o,m(X) = sup{e € [0,1]: 0m x(g) = 0} = inf{e € [0,1]: § x(c) > O},
where inf () := 1.
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Introduction and some basic results

Definition
Let X be a Banach lattice. The number g ,(X) € [0, 1] defined as

sup{e € [0,1]: dm x(¢) = 0O} (3)

is said to be the characteristic of monotonicity of X.

€o,m(X) = sup{e € [0,1]: 0m x(g) = 0} = inf{e € [0,1]: § x(c) > O},
where inf () := 1.

X € (UM) & gg m(X) =0.
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Theorem [Joint with Foralewski, Hudzik and Krbec, 2010]

For any Banach lattice X the following formula for the characteristics of
monotonicity hold true:

eo.m(X) = sup{limsup [lxo = yall : [Ixall = 1,0 < yn <oxn ¥ llynll =1} (4)
n— oo w
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Introduction and some basic results

Theorem [Joint with Foralewski, Hudzik and Krbec, 2010]

For any Banach lattice X the following formula for the characteristics of
monotonicity hold true:

eo.m(X) = sup{limsup [lxo = yall : [Ixall = 1,0 < yn <oxn ¥ llynll =1} (4)
n— oo w

Corollary

| \

In any finite dimensional Banach lattice X the characteristic of monotoni-
city is just the length of the longest order interval lying in the intersection
of the unit sphere of X and Xy, i.e.

gom(X) = sup{llx—yll: 0 <y <x, x| =yl =1} (5)
max{[[x =yl : 0 <y < x, ||Ix|| = [ly|l = 1}.
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Theorem [Joint with Foralewski, Hudzik and Krbec, 2010]

For any Banach lattice X the following equality is true

go,m(X)=1— lim 0m x(e). (6)
e—1—
Moreover,
Omx(1—0mx(e))=1—¢ (7)

for arbitrary € € (€o,m(X),1] if €0,m(X) < 1 as well as also in the case
when € = gg m(X) = 1.

In equality (6), “T Om,x(€) cannot be replaced by 6m x(1). There are
e—1-

examples of Banach lattices X for which 6, x(¢) = 0 for any € € [0,1)
and 6, x(1) = 1.
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For any Lorentz space A, = {x € L%: ||x|| = [¥ x*(t)w(t)dt < oo} such
that the weight function w is not regular but [~ w(t)dt = oo (for example
w(t) = min(1,1/t) for t € [0,00)), we have

5'"7/\“;(17) =0<1= 5m,/\w(1).
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Introduction and some basic results

For arbitrary Banach lattice X the following formulas hold true

om(X) = lim (sup{lx—yll: 0=y <xllx| =1yl = €})

= lim (sup{llx =yl : 0 <y <x |Ix| =1, ]yl =¢}).
e—1
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Modulus and characteristic of monotonicity in Kéthe spaces

Let us denote by:
@ (T,%,u) a positive, complete and o—finite measure space,
@ [°=[°%T,X, 1) the space of all (equivalence classes of) real-valued and
> —measurable functions defined on T,
@ E=(E,<,| - |le) denotes a Kéthe space over the measure space
(T, X, ), that is E is a Banach subspace of L° which satisfies the
following conditions:
(i) If|x| <|y|, y € E and x € L°, then x € E and ||x||z < |lyll¢-
(i) There exists a function x € E which is strictly positive y—a.e.
in T.
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Modulus and characteristic of monotonicity in Kéthe spaces

Let us define for a Kothe space E the modulus dme : [0,1] — [0,1] by the
formula

3\,,,75(5) =inf {1 —|Ix —xxallg : x>0, |Ix[|lp =1,A€ %, ||xxallg > ¢} .

The characteristic of monotonicity €o,m(E) corresponding to the modulus gmyg
is defined by

Zo.m(E) = sup {5 € [0,1]: dme(e) = o} — inf {5 € [0,1]: dmele) > o} , (8)

where inf() = 1.
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Modulus and characteristic of monotonicity in Kéthe spaces

The modulus 3,,,’5 is nondecreasing with respect to ¢ € [0, 1] and
Smx(€) S dme(e) S Ve e[o,1]. ©
It is easy to see that

ém,E(E)

inf {1 — [lx —xxallg : x > 0, [Ix]lg = 1,A € L, [|Ixxallg = €}

1 —sup{||x—XXA||E :x2>0,[xllg=1,A€ X, |Ixxallg > a}

1 —sup{”X _XXAHE o 07 IIXHE = 17A S z» HXXA”E = 6} 0
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Proposition [Joint with Foralewski, Hudzik and Krbec, 2010]

For arbitrary Kothe space E the following formula holds true

XnXA/
n— oo n

€o,m(E) = sup {Iim sup . t (xn) C Se(E), (An) C X, || Xaxanll g — 1} .

If E is a Kothe space then for any positive ¢ and § satisfying the
condition € + § < 1 the inequality 6, (¢ + 6) > 05, £(e) holds
true.
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Theorem [Joint with Foralewski, Hudzik and Krbec, 2010]
For arbitrary Kothe space E we have the equality

607m(E) = é\o,m(E).

Corollary

For arbitrary Kéthe space X the following formulas are true

€o,m(E) = &€o,m(E)

| \

EE}T_ SUP{HXXA/ ”E HPS S+(E)7A € Z? HXXA”E > 5}

g XE S.(E),Ae X, |xxallg = 5}'

v

lim sup { HXXA/
e—1—
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Results in Orlicz-Lorentz function
spaces
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Let in the following L% = L°(]0,~)) be the space of all (equivalence
classes of ) Lebesgue measurable real-valued functions defined on the
interval [0,~), where v < oo. Denoting the Lebesgue measure by
m, for any x € L° we define its distribution function i, : [0, +00) —
[0,7] by

px(A) = m{t € [0,7) : [x(t)[ > A}

and its nonincreasing rearrangement x* : [0,7) — [0, o] as
x*(t) = inf{\ > 0: ux(A) < t}

(under the convention inf () = co0). We say that two functions x,y €
L9 are equimeasurable if fx(\) = u, (\) for all A > 0. It is obvious
that equimeasurability of x and y gives the equality x* = y*.

Radostaw Kaczmarek On the moduli and characteristic of monotonicity in Orlicz-Lore



Basic definitions
Orlicz-Lorentz spaces Main results

Definition

A Kothe space E, where E C L°, is called a symmetric space if E
is rearrangement invariant which means that if x € E, y € L% and
x* =y*, theny € E and ||x| = |ly]|.

Definition

Let w : [0,7) — R4 be a non-increasing and locally integrable
function (not identically 0), called a weight function. We say that
a weight function w is regular if there exists 7 > 0 such that

/ " (s)ds > (14 1) [ tsras

for any t € [0,7/2).
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In the whole presentation ¢ denotes an Orlicz function, that is,
¢ : [—00,00] — [0,00] (our definition is extended from R into
Re by assuming ®(—oc0) = ®(o0) = o) and @ is convex, even,
vanishing and continuous at zero, left continuous on (0, c0) (that
is, in particular, lim,_,(,@))- ®(v) = ®(b(®P)), where

b(®) =sup{u>0: ®(u) < co})

and not identically equal to zero on (—o0, 00).
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Definition

We say that an Orlicz function ® satisfies condition A, for all
u € Ry (respectively, at infinity) if there is K > 0 such that the
inequality ®(2u) < K®(u) holds for all u € R (respectively, for all
u € R satisfying |u| > up with some uy > 0 such that ®(up) <
00). We write then ® € Ax(Ry) (® € Ax(c0)), respectively.

In the following we will use the parameter a(®) for the Orlicz func-
tion ® defined by

a(®) :=sup{u > 0: d(u) = 0}.

Radostaw Kaczmarek On the moduli and characteristic of monotonicity in Orlicz-Lore



Basic definitions

Orlicz-Lorentz spaces Main results

Given any Orlicz function ® and any non-increasing weight function
w, we define on L° the convex modular

-
T (x) = / O(x*(£))w(t)dt,
0
and the Orlicz-Lorentz space

Now = Noo([0,7) = {x € L° : Tp,, (\X) < 0 for some X >0},

which becomes a Banach symmetric space under the Luxemburg

norm
[x[Ag,, = inf{A > 0: T (x/A) < 1}.
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In proofs of our results three lemmas that are presented below were
applied.

Lemma [Kamiriska, 1990]

Assume that |x(t)| < |y(t)| for t € A C [0,7), where p(A) > 0 and
[x(t)] < |y(t)| for m-a.e. t € [0,7). If ux(N\) < oo for any A > 0,
then x*(t) < y*(t) for t € B, where B C [0,7) has a positive
measure.
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Let ® be an Orlicz function with a(®) > 0 and satisfying condition
Ay(00) and let ¢ € (a(P),+00). Then for any e € (0, 1) there exists
d(e) € (0,1) such that if x € N, |x(t)| > ¢ for m-a.e. t € [0,7)
and Io , (x) < 6(¢), then [|x||a,,, <e.

Let v < 00 and ® € Ay(c0). Then for any € € (0,1) there exists
p(e) € (0,1) such that |x|[a,,, < 1 — p(e) whenever I, (xn) <
1—e.
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Let v = oo. If the Orlicz function ® satisfies condition Ax(R)
and the weight function w is regular, then € m (Ao ) = 0. In the
opposite case, £o,m (Now) = 1.

It is worth noticing here that if ® € Ay(R) and [;~ w(t)dt = oo,
then Ao, is strictly monotone (even if w is not regular), whence
(5m7/\¢,w(1) = ]‘

Radostaw Kaczmarek On the moduli and characteristic of monotonicity in Orlicz-Lore



Introduction and some basic results Basic definitions

Orlicz-Lorentz spaces Main results

Theorem

Suppose that 0 < v < oo, ® is an Orlicz function satisfying condi-
tion Ay(o0) and define vy := sup{t € [0,7) : w(t) > 0}, where w
is a weight function on [0,~). Let us denote by u(®,w) the positive
number satisfying the equality ®(u(®,w)) [J° w(t)dt = 1. More-
over, in the case when ~y < 7, let us define the positive number
v(®,w) by the formula ®(v(®,w)) [ w(t)dt = 1. Then the
following assertions are true:
(i) Ify0 =7, then Gmpq (1) = 1 — 2

u(dw)*
(ii) 0 € (37,7), then

bp (1) =1 = (G200 U0

(iii)) Ify0 € (0,37], then mp,. (1) =0.

Radostaw Kaczmarek On the moduli and characteristic of monotonicity in Orlicz-Lore



Basic definitions
Orlicz-Lorentz spaces Main results

The example presented below shows how the value 0,0, (1) can
be varying in dependence on g, v and a(®).

Example 3

Let v > 0, ®(u) = max{0,u — 1} for any u > 0, w(t) = 1 for any
t € [0,min(1,7)) and w(t) = 0 for any t € [1,7) whenever v > 1.
Then a(®) = 1 and u(®,w) = max((3 + 1),2). By the above Theorem,
statements ((iii) and (7)), we get the equalities

1
dmAe., (1) =0 for vy >2and dmp,. (1) = ﬁ when v < 1.

Assume now that v € (1,2). Then v(®,w) = -7 and, by the above

Theorem, statement (i), we have

1 4
bmeo(1) = 5 for v € (1,3)

2= 4
ddm 1) = for vy € (3,
and di, (1) = L for 1 € (5

2).
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Let 0 < v < oo and the numbers 7y, u(®,w) and v(P,w) be defined as
in the previous Then the following statements hold true:

(i) If & € Ay(c0), a(P) =0, o =y and the weight function w is
regular, then €o.m (Ao ) = 0.

(i) Ifd e Ay(00), a(P) > 0, vo =~y and the weight function w is
regular, then
a(®)
u(®,w)

€0,m (Atb,w) =

(iii) If ® € Ay(00), Yo € (37,7) and the weight function w is regular,

then (®)  u(®,w)
a u®,w
€0,m (/\‘Dvw) = (D (u(d),w), v(d),w)) .

(iv) If® ¢ Ay(c0) or the weight function w is not regular, then
€0,m (/\q;)w) =1.
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Corollary

Let L® be an Orlicz function space. If i(T) < oo, then the
following statements hold true:

(i) If ® € Ay(00) and a(P) = 0, then g9 m(L®) = 0.
(i) If ® € Ay(c0) and a(®) > 0, then eo m(L®) = 2(9) " where

T ()’
c(®) is the nonnegative constant satisfying the equality

(c(®))u(T) = 1.
(iii) If & ¢ Ax(c0), then eg.m(L®) = 1.

Let L® be an Orlicz function space. If u(T) = oo, then
g0.m(L®) = 0 whenever ® € Ay(R) and g9 m(L®) = 1 otherwise.
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