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Starting point: Morrey Spaces

0<p<u<oo, Morreyspace My,: f € L2 with

- 1/p
IFiMupll = sup Rup( / \f(y)!”dy) < o
X€ER", R>0 B(x,R)

All spaces are defined on R”".
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Starting point: Morrey Spaces

0<p<u<oo, Morreyspace My,: f € L2 with

- 1/p
IFiMupll = sup Rup( / \f(y)!”dy) < o
X€ER", R>0 B(x,R)

Rem. Ch. Morrey (1938), Campanato, Brudnyi, Peetre (1960's), ...,

All spaces are defined on R”".
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Starting point: Morrey Spaces

0<p<u<oo, Morreyspace My,: f € L2 with

- 1/p
IFiMupll = sup Rup( / \f(y)!”dy) < o
X€ER", R>0 B(x,R)

Some properties:

> Myp = {0} p>u ~ u>p refined (local) integrability
Lp, p=u

> Ly =Muyuy = Muyp, = Mup,, 0 <p2<p1 <u<oo
> [FON)Mupll = A IMupll,  A>0

All spaces are defined on R”".
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Starting point: Morrey Spaces

A first example
Let 0 < p < u < o0.
. [e1/(0=1x?) <1
- () = x5 -
0, x| >1

A FEMyp but &L, > Ly C My,
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Starting point: Morrey Spaces

A first example

Let 0 < p < u < o0.

(e-1/(1-IxP) 1
- () = x| 7E 9 » <
0, x| >1

~ fFeEMyp but fl, —» L, C My,
> Let my = (25,0,---,0), k € Ng

oo
=> flx—m) € Mup\ Ly
k=0

Rem. L[, CMyp, 0<p<u<oo
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Introduction

Smoothness Spaces of Morrey Type
Different approaches
Comparison between the different approaches

Continuity envelopes
Concept and basic examples
Results for Smoothness Morrey spaces
Application: Approximation numbers

Growth envelopes

Concept and basic examples
Results for Smoothness Morrey spaces
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Intro

Classical Smoothness Spaces

Spaces of Besov and Sobolev type

0<p<oo, 0<g<oo, seR, {g}; dyadic partition of unity
#1835 oll = || @ [ F (eiF )L 1o

1172 qll = [[12PF (07 OO, leal] |
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Classical Smoothness Spaces

Spaces of Besov and Sobolev type

0<p<oo, 0<g<oo, seR, {g}; dyadic partition of unity
#1835 oll = || @ [ F (eiF )L 1o
1173 oll = |l @=F 2 @)l Lo

Rem.
> (classical) Besov spaces 0 < p,q < oo, s > n(% — 1)+

L wom(f, )\ de\ /9
H”B;,qHNHf|Lp”+(/0 (%) T) , m>s

> BS, o =C° s>0 Holder-Zygmund spaces
> Foo=H; 1<p<oo seR

F,lfz =Wk, keNo, 1 <p<oo Sobolevspaces
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Concept Different approaches Comparison

Approach 1: Smoothness Morrey spaces
The spaces N , , and &5 , 4
0<p<u<oo g€ (0,00 s €R, {p;}; smooth dyadic res. of unity
(i) Besov-Morrey space Ny, ;' f € S with

Hf | NS,;J q” = (2js H}Ll(‘pf}-fﬂMU:PH)j|€qH <0

(ii) Triebel-Lizorkin-Morrey space £ f € & with

u,p,q

IF 1 & | @1F 2@ F OO, ]| | M| < 0

pall =
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Concept Different approaches Comparison

Approach 1: Smoothness Morrey spaces

The spaces N , , and &5 , 4

O<p<u<oo ge(0,0¢], s €R, {apj}j smooth dyadic res. of unity
(i) Besov-Morrey space N7, .: f € S with

u,p,q’
11N pall = || @ 1F M), | < o

(i) Triebel-Lizorkin-Morrey space &; , ,: f € S’ with

IF 1 €5 | @1F e FOEN); la| | M| < 0

pall =

Rem.
> Kozono/Yamazaki ('94), Mazzucato ('03), Tang/Xu ('05), Sawano ('07-)

@ H. Kozono and M. Yamazaki
Semilinear heat equations and the Navier-Stokes equation with distributions in new
function spaces as initial data.
Comm. Partial Differential Equations, 19 (1994), 959-1014.

@ A.L. Mazzucato

Besov-Morrey spaces: function space theory and applications to non-linear PDE.
Trans. Amer. Math. Soc., 355 (2003), 1297-1364 (electronic).
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Concept Different approaches Comparison

Approach 1: Smoothness Morrey spaces
The spaces N , , and &5 , 4

0<p<u<oo g€ (0,00 s €R, {p;}; smooth dyadic res. of unity
(i) Besov-Morrey space Ny, ;' f € S with
£ A (2 |F e F A M), Vg < o0

wpall =

(i) Triebel-Lizorkin-Morrey space & , ,;» f € S’ with

[ 1€ pall = ||| @ 1F@FAOD; la]| | Mup| < o0

Rem.
> Nopa=Bsa &Eppa=Fra Nipag=CEupa=10}if p>u

> elementary properties (quasi-Banach, monotonicity, S < -+ < &', ...)

> Epa=Mup, 1<p<u<oo,ie, & ,pr=1L, 1<p<oo
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Concept Different approaches Comparison

Approach 2: Smoothness Morrey spaces

From bmo to spaces of type B,z and Fy g
loc. _ 1
felys fo=pq Jof(¥)dy. QC R cubes

f € bmo <

||f [bmo || = sup |Q| /\f fQ|dx+ sup |Q|/|f x)|dx < o0
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Concept Different approaches Comparison

Approach 2: Smoothness Morrey spaces

From bmo to spaces of type B,z and Fy g
loc. _
f e L fQ_W Jof(y)dy, Q CR" cubes

f € bmo <

||f [bmo || = sup |Q| /\f fQ|dx+ sup |Q|/|f x)|dx < o0

Q ...collection of all dyadic cubes Q;x, j € Z, k € Z"
Q € Q --» side-length 27/@

{‘Pj}j dyadic res. of unity;  Frazier/Jawerth (1990):

Iitmol ~ o o | (F 70Ny o] 1200)

‘Q’1/2
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Concept Different approaches Comparison

Approach 2: Smoothness Morrey spaces
The spaces B, and FJg

0<p,g<o0 7€[0,00), s €R, {p;}; dyadic res. of unity
(i) Besov-type space By7:  f € S’ with

||f| qu sup

1 N
o |P|” @7 l(wfff)‘Lp(P)H)jzmax{jp,O} Iqu =

(i) Triebel-Lizorkin-type space F;7: f € &' with

171723l = swo o] | (21‘5|f-1<so,-ff)(~)|)J.Zmax{j,,,o}wqH | 1(P) <oc

IP\T
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Concept Different approaches Comparison

Approach 2: Smoothness Morrey spaces
The spaces B, and FJg
0<p,g<oo, T€E[0,00), s R, {‘Pf}j dyadic res. of unity

i) Besov-type space B37: f ¢ S’ with
P.q

1
17185311 = 508 1o | 27 IF P NILPI) s o | < o0

(i) Triebel-Lizorkin-type space Fy7: f € &' with

IF1F5]l = sup

|p‘r H (2js|‘/T-.71(Sojff)(')DjZmax{jp,O}|€‘7H | Lp('D)H<OO

Rem.
> El Baraka ('02), Yuan/Sickel/Yang (’10-)
& W. Yuan, W. Sickel and D. Yang,

Morrey and Campanato Meet Besov, Lizorkin and Triebel.
Lecture Notes in Mathematics 2005, Springer, Berlin, 2010.
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Concept Different approaches Comparison

Approach 2: Smoothness Morrey spaces
The spaces B, and FJg
0<p,g<o0 7€[0,00), s €R, {p;}; dyadic res. of unity

(i) Besov-type space By7:  f € S’ with

||f|B |*sup

1 N
o |P|” @7 l(wfff)‘Lp(P)H)jzmax{jp,O} Iqu =

(i) Triebel-Lizorkin-type space F;7: f € &' with

IF 1 £l = sup

js| =—1
o o || 2P TN s | LoP) <o

Rem.

> B =Bi, FS=Fi, Byi=F37={0}ifT <0, elem. properties

> bmo :B;’zl/z:FS”Zl/P, 0<p<oo
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Concept Different approaches Comparison

Approach 2': Smoothness Morrey spaces
Triebel's Hybrid Spaces

0<p,g<oo seR, —%§r<oo

global Besov-Morrey and Triebel-Lizorkin-Morrey spaces

FIL'BS ||= su Qml~ TR inf f—g|BS (2Q

IfIL" By 4|l JEZ,MPGZH\ .ml gespan{%mezn}ll glB; ,(2Qsm)|
FILFS ||= su —(G+8) inf f—gl|Fs (2

[fIL"Fy ol e MPGZH\QJ,MI gespan{%mezn}ll glFs ,(2Qsm)l
Rem.

> Triebel: local spaces ('13), hybrid spaces ('14)

& H. Triebel

Local function spaces, heat and Navier-Stokes equations.
EMS Tracts in Mathematics 20, EMS Publishing House, Ziirich, 2013.

& H. Triebel

Hybrid Function Spaces, Heat and Navier-Stokes Equations,
EMS Tracts in Mathematics 24, EMS Publishing House, Ziirich, 2015.
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Concept Different approaches Comparison

Approach 2': Smoothness Morrey spaces
Triebel's Hybrid Spaces
0<p,g<oo seR, —%§r<oo

global Besov-Morrey and Triebel-Lizorkin-Morrey spaces

FILBS ||= sup |Quum| GGte) inf f—g|BS (2Q

IfIL" By 4|l JEZ,MPGZH\ .ml gespan{%mezn}ll glB; ,(2Qsm)|
FILFS = sup  |Quu| GFW) inf f—glFs.(2Q

[fIL"Fy ol JeZ‘MPEZ"\ .ml gespan{%mezn}ll glFs ,(2Qsm)l
Rem.

> Triebel: local spaces ('13), hybrid spaces ('14)

& H. Triebel

Local function spaces, heat and Navier-Stokes equations.
EMS Tracts in Mathematics 20, EMS Publishing House, Ziirich, 2013.

& H. Triebel

Hybrid Function Spaces, Heat and Navier-Stokes Equations,
EMS Tracts in Mathematics 24, EMS Publishing House, Ziirich, 2015.

rps o s, T rcs S, T _ 1 r
> U'Byg =B, LFoqg=Foq: T*ijn
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Concept Different approaches Comparison

Comparison: Smoothness Morrey spaces

Relation between the different scales

)_ S, T S, T __ 5+n(7—%)

> T > (Withq:OOifT:%

T =
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Concept Different approaches Comparison

Comparison: Smoothness Morrey spaces

Relation between the different scales

. . s+n(r—1)
>72%(W|thq:oo|f7':%): a = Fog = Boooo °
ST _ : _1_1
> Fplg=Elpg With 7=2—7 0<p<u<oo
S ST 1 — l . l
> Nipg = Bog  with 7=5—2

==

1
. . . . S5
coincidence (only) if 7 =0o0r g =00, ie., Nj, =B, %
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Different approaches Comparison

Concept

Comparison: Smoothness Morrey spaces

Relation between the different scales

1 . . 1y, 5,7 5,7 5"""(7—_7)
>TZE(W|thq:OO|fT:E) p,g — pq_BOO,OO
- 11
| 2 Squ Wlth T—B—E, 0<p§U<OO
- 11
> ij q pq with 7= E u
11
coincidence (only) if 7 =0or g = o Nipoo =Bpb *
A W. Sickel,

Smoothness spaces related to Morrey spaces — a survey.
Part I: Eurasian Math. J. 3 (2012), 110-149;
Part II: Eurasian Math. J. 4 (2013), 82-124.

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes
Concept and basic examples
Results for Smoothness Morrey spaces
Application: Approximation numbers
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes
The concept

w(f,t)= sup sup |[f(x+h)—1Ff(x)], t>0

) |Al<t xeR"
Definition 1
X < C, continuity envelope function &£ZX:(0,00) — [0, 00)
ft
E&(t) ~ sup w(f, ), t>0
IF1X<1
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes
The concept

Definition 1
X < C, continuity envelope function £Z:(0,00) — [0, 0)

ft
E&(t) ~ sup w(,), t>0
Iflx|<1

Proposition 2

(i) X < Lipt <= sup EX(t) < >0
t>0

(i) Xo = Xo = EN(t) < c&2(t), t>0
Rem. ‘fine index’ uf ~ €c(X) = (£&,uf) continuity envelope

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Concept Results for Morrey-type spaces Application

Continuity envelopes

Continuity envelopes

Example: B,

Proposition 3

If t — 0, then ;
llog t| 7, s=2+4+1, q>1
B L
EP(t) ~ St (1 s), g<s<g+1
t_l, s=7, 0<qg<l1

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes of Smoothness Morrey spaces

Preparation

5é< reasonable if X — C,
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes of Smoothness Morrey spaces

Preparation

EX reasonable if X — C, interesting if X + Lip!
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Concept Results for Morrey-type spaces Application

Continuity envelopes

Continuity envelopes of Smoothness Morrey spaces

Preparation

5é< reasonable if X — C,

Proposition 4
(i) seRO<p<u<oo, qe€(0,0]

5>
Nipg—C == {
P, s—

[E]

or
and ¢ €(0,1]

u’

<SS

(i) seR, p,ge (0,00, 7>0
B;:;%C <— s>n(p—7')
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes of Smoothness Morrey spaces
Preparation
EX reasonable if X — C, interesting if X + Lip!
Proposition 4

(i) seRO<p<u<oo, qe€(0,0]

s> or
N, o —C = u’
P {SZZ and ¢ €(0,1]
s<y+1, or

Li =
N3 p.q 7 Lipt {5=Z+1 and g€ (1,0q],

(i) seR, p,ge (0,00, 7>0 )
B;;;%C <— s>n(p—7')

1
BST%Llp = 5<n<p—7')+1
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes of Smoothness Morrey spaces
The spaces N , (R") and By 7 (R")

Theorem 5
< C and ¢

u,p,q

(i) Let 0<p<u<oo. If NS <+ Lip*, then

u,p,q

glera(t) ~ £8(E), £ 0

Rem.

» 1 <s< 241 (with additional assumptions in limiting cases)

S

> parallel results for spaces & , ,

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Concept Results for Morrey-type spaces Application

Continuity envelopes

Continuity envelopes of Smoothness Morrey spaces
The spaces N , (R") and By 7 (R")

Theorem 5

(i) Let0<p <u<oo If NS, , < Cand N{ , , + Lip', then

Eév':"”"(t) ~ 55"""(15), t—0
(ii) Let 7 > 0. If t — 0, then
1

=51 g<s_p <5 — 7) <1

(C/‘CPJI(t) ~
|log t|, s—n<%—7->:1
Rem.
» 1 <s< 241 (with additional assumptions in limiting cases)

> parallel results for spaces & , , and Fy:7

> Yuan/H./Moura/Skrzypczak/Yang ('15)
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes in Smoothness Morrey spaces

Main tools in the proofs

» embeddings into ‘classical’ spaces, like

_1
BY. <> Byl s Bin 7 with o=s4n(r—1)4n

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes in Smoothness Morrey spaces

Main tools in the proofs

» embeddings into ‘classical’ spaces, like

+n(r—1 .
Bzm‘%B;’Z‘—)B;,g‘r p) with 0':5+n(7—f%)+$

» embeddings between different scales, in particular

NS

u,p,00

ST _ &S —
Foqg=¢

_ s, T H .
u,p,q> =B, it 7=

o=

%,0<p§u<oo
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Continuity envelopes Concept Results for Morrey-type spaces Application

Continuity envelopes in Smoothness Morrey spaces
Main tools in the proofs

» embeddings into ‘classical’ spaces, like

s+n(t—1) .
BYOZOO(_>B;:Z7-(_>BOO’OO P with 0':5+n(7—f%)+$

» embeddings between different scales, in particular

ST __ oS s _ ps,T . 1
Foa=%ipa Nipo =Byt if 7=

%,0<p§u<oo

o=

» limiting embeddings of Sobolev and Franke-Jawerth type, like

N3 s E5 s N2 with s — 2 = s 2

Uy,p1,q1 u,p,q uz2,p2,q2 u;

[H./Skrzypczak ('14)]

S1,71 s, T 52,72 H . . — c_ B
Boa = Fpola = Bra with s; o TNTi=S— 40T

[Yuan/H./Moura/Skrzypczak/Yang ('15)]
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Continuity envelopes Concept Results for Morrey-type spaces Application

Application
Approximation numbers
Q={xecR":|x| <1}, By7(Q), N;,,(Q) defined by restriction

approximation numbers of T € L(X)

a(T)=inf{||T = S| : S € £(X), rank S < k}, keN

Rem. connections to spectral theory, eigenvalue estimates

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Concept Results for Morrey-type spaces Application

Continuity envelopes

Application
Approximation numbers

By7(2), N5 ,.4(Q) defined by restriction

Q={xeR": |x| <1}, g

approximation numbers of T € L(X)

a(T)=inf{||T —5| :Se L(X), rankS < k}, keN

Rem. connections to spectral theory, eigenvalue estimates

Example p,q € (0,o0], s > %

k=aE, if p € [2,00],
ai (ido : B 4(Q) = C(Q)) ~ (k7375 ifpe(L2), s>n,
kG-3)%, ifpe(1,2), s<n
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Continuity envelopes Concept Results for Morrey-type spaces Application

Application
Approximation numbers

Corollary 6

» uc[2,00), pe(0,u], ge(0,00], 2 <s<7+1

E=

k(idZNS

u,p,q

(Q) = C(Q) ~k v, keN
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Continuity envelopes Concept Results for Morrey-type spaces Application

Application
Approximation numbers

Corollary 6
» uc[2,00), pe(0,u], ge(0,00], 2 <s<7+1

adk (idZNS

u,p,q

(Q) = C(Q) ~k "%, keN
> pe[2,00], g€ (0,00, 7>0,n(; —7)<s<n(3—7)+1

a (id: BST(2) = C(Q)) ~k 7 ™+5, keN
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Continuity envelopes Concept Results for Morrey-type spaces Application

Application
Approximation numbers

Corollary 6

» uc[2,00), pe(0,u], ge(0,00], 2 <s<7+1

E=

ak (id - N5, o(Q) = C(Q)) ~ k™4, keN
>p6[2,00].qe(0,oo],720,n(%—7)<s<n(%—7)+1

a (id: BST(2) = C(Q)) ~k 7 ™+5, keN
Rem.
> a(id: X(Q) — C(Q)) < c k3 &X (k—%), keN
> parallel results for £ , (), F5:7()

> H./Skrzypczak ('12):  more general criteria for the compactness of
related embeddings

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes
Concept and basic examples
Results for Smoothness Morrey spaces

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes

The concept
F(t)=inf{s >0 |{x eR": |f(x)| > s}| < t}, t>0

Definition 7
X C Li¢, growth envelope function Eé( : (0, 00) — [0, 0]

EX(t)~ sup f*(t), t>0
If1x11<1

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes
The concept

Definition 7
X C Li¢, growth envelope function Eé( : (0, 00) — [0, 0]
EX(t)~ sup f*(t), t>0
- If1X]|<1
Proposition 8

- X
(i) X=le <= figSG(t)<oo

(i) X1 Xo = EL(t) < c&2(t), t>0
(iii) X rearrangement-invariant with fundamental function ¢,

X 1
&) ~ POk t>0

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes
The concept

Definition 7
X C Li¢, growth envelope function Eé( : (0, 00) — [0, 0]
EX(t)~ sup f*(t), t>0
- If1X]|<1
Proposition 8

(i) X—=Lle <= sup &X(t)<o0
t>0

(i) X1 Xo = EL(t) < c&2(t), t>0
(iii) X rearrangement-invariant with fundamental function ¢,

X 1
&) ~ POk t>0

Rem. additional ‘fine index’ u ~ & (X) = (X, uf) ‘growth envelope’

Example & (Lyq) = (t~ Pq) 0<p<oo,0<qg<oo

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes in Morrey spaces
The bottom line
Proposition 9
O<p<u<o
P ™) (1) =00, t>0
Rem.

»0<p=u<oa EéP(R")(t) ~t VP >0

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes in Morrey spaces
The bottom line

Proposition 9

O<p<u<o

gMu.p(]R")(t)

G =00, t>0

Rem.
»0<p=u<oa SéP(R")(t) ~t VP >0

> H./Moura ('14), idea: consider

e AP, <1
Fx) =[x |
0, Ix] >1

g(x) = Zf(xfmk), my = (2%,0,---,0)
k=0

~ geEMy, gi(t)=o00, t>0
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Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes in Morrey spaces
The bottom line

Proposition 9

O<p<u<o

gMufp(]R")(t)

G =00, t>0

Rem.

»0<p=u<oa EéP(R")(t) ~t VP >0

» if Q C R” bounded
m Mu,p(Q) — LP(Q) ~ gé\/lu.p(Q)(t) S Ct_l/p < 00

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes in Smoothness Morrey spaces
Preparation
Eé( reasonable for X C Llloc, interesting for X < Lo

Dorothee D. Haroske Smoothness Morrey Spaces and their envelopes



Growth envelopes Concept Results for Morrey-type spaces

Growth envelopes in Smoothness Morrey spaces
Preparation
EX reasonable for X C L'°

~ When do N3

s 5.q Bpiq contain regular distributions only?
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Growth envelopes Concept Results for Morrey-type spaces
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Growth envelopes in Smoothness Morrey spaces
Preparation

EX reasonable for X C L'°

s loc _ 1
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Rem.

» additional conditions in limiting cases, parallel results for £
> classical (u = p, 7 = 0): Sickel/Triebel (1995)
> Morrey: H./Moura/Skrzypczak ('15)
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Growth envelopes in Smoothness Morrey spaces

Preparation, Il

EX reasonable for X C L'°°, interesting for X & Loy
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Growth envelopes in Smoothness Morrey spaces
Preparation, Il
Eé( interesting for X < Lo

~ When do N3

5 p.q Bpiq contain unbounded distributions?
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Growth envelopes in Smoothness Morrey spaces
Preparation, Il

Eé( interesting for X < Lo

» BS "7L> L — ° s %7 Or
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SNl e (ST w >

u.p.q oo s=1" andqe(1l,0]

> By Fle = sgn(%_T)

seER, 7>0,0<g<00,0<p<u<o
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Growth envelopes in Smoothness Morrey spaces
Preparation, Il

Eé( interesting for X < Lo

» BS "7L> L — ° s %7 Or

P.q ©© s = % and qc (1; OO]
SNl e (ST w >

u.p.q oo s=1" andqe(1l,0]

> By Fle = sgn(%_T)

seER, 7>0,0<g<00,0<p<u<o

Rem. H./Skrzypczak ('13, '14), Yuan/H./Skrzypczak/Yang ('15),
Yuan/H./Moura/Skrzypczak/Yang ('15)
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Growth envelopes in Smoothness Morrey spaces

Example: B,

Example O<p<oo,0<q§oo,s>op:n(%—1>
Jr

() For s<f,  &P(t) ~ t P 7 50

T =
3n
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Growth envelopes in Smoothness Morrey spaces

Example: B,

Example O<p<oo,0<q§oo,s>op:n(%—1>
Jr

() For s<f,  &P(t) ~ t P 7 50

T =
3n

(i) If s:g,1<q§oo, then

B"/P 1
EP(t) ~ |logt|d, t—0
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Growth envelopes in Smoothness Morrey spaces

Example: B,

Example O<p<oo,0<q§oo,s>op:n(%—1>
Jr

() For s<f, — &P(t) ~ t P17 50

o=
Sln

(i) If s:g,1<q§oo, then

B"/P 1
E(t) ~ |logt|d, t—0

s 1
(iii) We have Eg”’q(t) ~t Pt 00
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Growth envelopes in Smoothness Morrey spaces
The case N , 4(R")

Theorem 10

Let 0 < p < u<oo. HN, CLP and N, . 4+ L, then
Sév”s’P"’(Rn)(t) =o00, t>0.

Rem.

> 0<p=u<x

“V:-P-q Bl:‘q t %
& (1) ~ &g (t)N{

Tls ol

g>1
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Growth envelopes in Smoothness Morrey spaces
The case N , 4(R")

Theorem 10

Let 0 < p < u<oo. HN, CLP and N, . 4+ L, then
gllird ™)) = o, t>0.

Rem.

> 0<p=u<x

1 s
NE B teth, s <
g (t) m E5P9 (1) ~ »
G () G () {“ogtl/q7 s =

Tls ol

, q>1
» 2o, <s< 2 (with additional conditions in endpoints)
> parallel results for &£ P essential again: R”

> H./Moura ('14), H./Moura/Skrzypczak ('15)
idea: atomic decomposition (with moment conditions)
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Growth envelopes in Smoothness Morrey spaces
The case B, ¢ (R")

Corollary 11
Let 7 >0, s < n(; —7), with Bglg C LY.
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Growth envelopes in Smoothness Morrey spaces
The case B, ¢ (R")

Corollary 11
Let 7 >0, s <n(3 —7), with Byg C LY. If0<7<or

L s=0,0<p=gq<2, then

T==
p’

g8 () =00, t>0
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Growth envelopes in Smoothness Morrey spaces
The case B, ¢ (R")

Corollary 11
Let 7 >0, s <n(3 —7), with Byg C LY. If0<7<or

L s=0,0<p=gq<2, then

T==
p’

g8 () =00, t>0

Rem.
go g
> =0 E"U(t) ~ E7(t) <oo, t>0

> H./Moura ('14), H./Moura/Skrzypczak ('15)

idea: atomic decomposition & corresponding results for Ny , -
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Growth envelopes in Smoothness Morrey spaces
The case B, ¢ (R")

Corollary 11
Let 7 >0, s <n(3 —7), with Byg C LY. If0<7<or
T:%,s:0,0<p:q§2,then
ng,‘;;(R") _
G (t) =00, t>0
Rem.
go g*
> =0 E"U(t) ~ E7(t) <oo, t>0
> H./Moura ('14), H./Moura/Skrzypczak ('15)
idea: atomic decomposition & corresponding results for Ny , -

=1 ~ bmo(R") = By *(R")

~ ggmo (R")(t) =00, t>0 (Triebel '01)
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Thank you very much for your attention!
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