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1. Introduction
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‘ Introduction

Decomposition of function spaces

Represent functions as linear combination of basic functions

/ in some function space X — i= Z Z Avm@um

v=0 mez™
where...
Avm  ~  elements of a certain sequence space

avm ~» building blocks (e.g. atoms, molecules, ...)
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‘ Introduction

Decomposition of function spaces

Represent functions as linear combination of basic functions

/ in some function space X — i= Z Z Avm@um

v=0 mez™
where...
Avm  ~  elements of a certain sequence space

avm ~» building blocks (e.g. atoms, molecules, ...)

Non-smooth atomic decomposition

> Authors: Triebel, Moura, Piotrowska, Piotrowski, Caetano, Lopes
~ Besov spaces withp = ¢

> Schneider and Vybiral (2011), Scharf (2013) ~ Classical Besov spaces with p # ¢
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Variable 2-microlocal spaces

2. Variable 2-microlocal spaces
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Variable 2-microlocal spaces

Preliminaires

Class of variable exponents

> P(R") = {p:R" — (0, co] mesurable, bounded away from 0}
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Variable 2-microlocal spaces

Preliminaires

Class of variable exponents

> P(R") = {p:R" — (0, co] mesurable, bounded away from 0}
> RY = {z € R" : p(z) = oo}

> p~ :=essinfp(z) and p' :=esssupp(x)
z€R™ TER™
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Variable 2-microlocal spaces

Preliminaires

Class of variable exponents

> P(R") = {p:R" — (0, co] mesurable, bounded away from 0}

v

R, == {z € R" : p(z) = oo}

v

p~ :=essinfp(z) and p' :=esssupp(x)
z€R™ TER™

v

Let f : R™ — C measurable.
Lyy(R™) = {f : 0p() (£) < o0, forsome X > 0}
where
o) = [ 11@Pd+ esssupl (o).
R™\RZ, -

L) (R)[| := inf {X >0 0, (£) <1}

v
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Variable 2-microlocal spaces

Preliminaires

1/4()
[1fo | Loy (g R = <Z|f (z) Iq(z)> | Lp() (R™)
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Variable 2-microlocal spaces

Preliminaires

1/q(=z)
1fo | Lp(y Loy R™))I = <Z|f Iq(z)> | Lp(y (R™)
Almeida, Hasto (2010):
fiA, >0: L <1
Oty (Lp(y) Zm >0 op() A\/a() ) =
v=0 v

If g7 < oo, then we have the simpler expression

Oty (Ly(y) (fr) = ZHlfA VL <>H
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Variable 2-microlocal spaces
Preliminaires

1/q(=z)
1fo | Lp(y Loy R™))I = <Z|f Iq(w)> | Lp(y (R™)
Almeida, Hasto (2010):
fiA, >0: L <1
Oty (Lp(y) Zm >0 op() A\/a() ) =
v=0 v

If g7 < oo, then we have the simpler expression

Oty (Ly(y) (fr) = ZHlfA VL <>H
.

n . fl/
1o | oo (B (R >>||=mf{u>o:geq(,)@p<«)> (; <1l.
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Variable 2-microlocal spaces

Preliminaires

Regularity conditions

Definition

Let g € C(R™).
(i) gis locally log-Hélder continuous, g € C)°%(R"™) if

loc

Clog n
- g - < Ve, R™.
Jewog >0:  |g(z) —g(y)| < Tog( T,y €

e+ 1/lz—yl)’
(i) gis globally log-Hélder continuous, g € C'°%(R™) if g € C,°%(R™) and

Clog n
3 R: — < ——m— V. R"™.
Joo € |g($) 900‘ — 10g(6+ |1‘|)7 T €

(iii) Pe5(R™) := {p € P(R™) : 1/p € C*E(R™)}.
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Variable 2-microlocal spaces

Preliminaires

Smooth dyadic resolution of unity

> Letyo € S(R™):
(i) po(z) =1iflz] <1
(i) supppo C {z € R™: |z| <2}

> We define p(z) := po(z) — po(22) and p;(z) := ¢(277x),¥j € N. Then,

> i@ =1 forallz € R".

Jj=0

The sequence (;);jen, forms a smooth dyadic resolution of unity.
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Variable 2-microlocal spaces

Preliminaires

Admissible weight sequence

Definition
Let & > 0and a1, a2 € Rwith a; < . A sequence of non-negative measurable functions in
R", w = (wj);en,, belongs to W5, ., (R™) if:

() 3C>0: 0<wj(x)<Cw;(y)(1+2|z—y))*, jeNo,zyeRY

(i) Vj € No, 2%w;(z) < wjti(z) <2%%w;(z), z€R™

Such a system (w;)jen, € W5, o, (R™) is called admissible weight sequence.
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Variable 2-microlocal spaces
Definition

Letw € W3, o, (R")and p, g € P°¢(R"). Then B}, ., (R") is the collection of all
f € 8'(R™) such that

1£ 1 Bty qey Rl = (w5 (05.)" )i | Loy Lp(y R™)]| < oo,
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Variable 2-microlocal spaces
Definition

Definition

Letw € W3, o, (R")and p, g € P°¢(R"). Then B}, ., (R") is the collection of all
f € S'(R™) such that

1£ 1 Bty qey Rl = (w5 (05.)" )i | Loy Lp(y R™)]| < oo,

Definition

Letw € W3, o, (R™), p, g € P(R™) with p™, g7 < co.Then F¢) |, (R™)is the
collection of all f € S’(R™) such that

1F 1 E3y, a9 R = 1(w; (05 F)¥gemo | Ly gy (R™))]] < oo
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Smooth atomic decomposition

3. Smooth atomic decomposition
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Smooth atomic decomposition

Smooth atoms

Smooth atoms
Let K, L € Npand d > 1. A K-times continuously differentiable complex-valued function

a € C¥(R™)is called a [K, L]-atom centered at Q j,, j € No, m € Z", if:

(i) suppa C dQjm (compact support)

(i) |DPa(z)| <2PV, |8 <K (smoothness K)

(iii) /xﬁa(x)dx =0, 0<|B|<L,j>1 (moment conditions)

R"
27

..
1

\ml I
QI

: L

R S — T

dem
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Smooth atomic decomposition

Smooth atoms

Smooth atoms
Let K, L € Npand d > 1. A K-times continuously differentiable complex-valued function

a € C¥(R™)is called a [K, L]-atom centered at Q j,, j € No, m € Z", if:

(i) suppa C dQjm (compact support)
(i) |DPa(z)| <2PV, |8 <K (smoothness K)
(i) [ #’a(z)dz =0, 0<|B| < L,j>1. (moment conditions)
R’Vl
24
>

Qjm ~cubeinR™

Xjm(x) ~ characteristic function of Q;,

R S — T

dem
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Smooth atomic decomposition
Main result

Theorem [prihem (2013) for B¢ ]

p(:),q(+)

Letw = (wy)veny € WS, .0, (R™) and p, g € P'°5(R™). Furthermore, letd > 1, K, L € No
with

K>a and L >0, — a1+ cog(1/q)
be fixed. Then every f € S’(R") belongs to B}, ,.,(R™) if an only if it can be represented as

F=>_>" Amaum, convergencebeinginS’(R"),
v=0mezn
for (avm)ven,y,mezn smooth [K, L]-atoms and A € by, (., (R™). Moreover,
I | Bp(y,a(y ™I~ inf [|A | byt g0y (R™)],

where the infimum is taken over all possible representations of f.

M B50.00 DN 2= (| (2 Pomlwn @ m)xom) | sy (L ®))|

meL™
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Smooth atomic decomposition
Main result

Theorem [kempka (2010)]

Letw = (wy)veny € WS, .0, (R™) and p,q € P2(R™) with0 < p~ < p™ < coand
0 < g~ < ¢" < oo. Furthermore, letd > 1, K, L € Ny with

K>a; and L>o0p4— a1

be fixed. Then every f € S'(R") belongs to F7;¢,) ., (R™) if an only if it can be represented as

£=>>" Mmaum, convergencebeinginS'(R"),

v=0mez"

for (avm)ven,y,mezn smooth [K, L]-atomsand A € f0) ) (R™). Moreover,

(-
1 | Fplyaey R~ inf IX | Folyqc) R,

where the infimum is taken over all possible representations of f.

M 5500 @D = ([ ol @ m) xom) | Ly (G ®™)|

mezm™
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Non-smooth atomic decomposition

4. Non-smooth atomic decomposition
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Non-smooth atomic decomposition

Non-smooth atoms

Lets >0ands = |s| + {s}T (ls|] €z,{s}" € (0,1)).

Holder space C*:  f € C*1™ with

IF1ell:=">" sup [D*f(2)|+ Y sup @ =Wl _

n xr — {s}t
Ja|<|s]— z€R o= Ls) - e, yeR" oty | y|

If s = 0,then we set C° = L.
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Non-smooth atomic decomposition

Non-smooth atoms

Lets >0ands = |s| + {s}T (ls|] €z,{s}" € (0,1)).

Holder space C*:  f € C*1™ with

IF1ell:=">" sup [D*f(2)|+ Y sup @ =Wl _

" {s}+
la|<|s]— z€R lal=Ls)~ z,yER™ x#y |:17 y|
If s = 0, then we set =1 o~

Non-smooth atoms
Let K, L > 0,d > 1and ¢ > 0. Afunction a : R — Ris called a non-smooth K, L]|-atom

centered at Q,,, forall v € Ny and m € Z", if
(i) suppa C dQum,
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Non-smooth atomic decomposition

Non-smooth atoms

Lets >0ands = |s| + {s}T (ls|] €z,{s}" € (0,1)).

Holder space C*:  f € C*1™ with

IF1ell:=">" sup [D*f(2)|+ Y sup @ =Wl _

" {s}+
la|<|s]— z€R lal=Ls)~ z,yER™ x#y |:17 y|
If s = 0, then we set =1 o~

Non-smooth atoms
Let K, L > 0,d > 1and ¢ > 0. Afunction a : R — Ris called a non-smooth K, L]|-atom

centered at Q,,, forall v € Ny and m € Z", if
(i) suppa C dQum,
(i) fla2™) 1) <e, (Triebel, Winkelvo)
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Non-smooth atomic decomposition

Non-smooth atoms

Lets >0ands = |s| + {s}T (ls|] €z,{s}" € (0,1)).

Holder space C*:  f € C*1™ with

IF1ell:=">" sup [D*f(2)|+ Y sup @ =Wl _

n {s}+
lal<|s)— zeR lal=Ls]~ z,yER™  x#y |$ y|
If s = 0, then we SEtCO = L.

Non-smooth atoms
Let K, L > 0,d > 1and ¢ > 0. Afunction a : R — Ris called a non-smooth K, L]|-atom
centered at Q,,, forall v € Ny and m € Z", if

(i) suppa C dQum,

(i) fla2™) 1) <e, (Triebel, Winkelvo)
(i) (Skrzypczak)
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Non-smooth atomic decomposition

A more general result

Every smooth [K, L]-atom is a non-smooth [K, L]-atom.

Theorem

The atomic representation theorem for By(., ., (R™) and F () .\ (R™) is valid with non-smooth
[K, L]-atoms. Hereby,

K>ax and L>op,— a1+ cog(1/q)

resp.
pTqt <oco, K>as and L >o0p,— .
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Non-smooth atomic decomposition
Application: pointwise multipliers

The problem

We want to observe the behaviour of the mapping
fr—e-f
where...
[~ elementof By,  (R™)orFy() . (R")

@ ~» suitable smooth function
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Non-smooth atomic decomposition

Application: pointwise multipliers

The problem

We want to observe the behaviour of the mapping
fr—e-f
where...
[~ elementof By,  (R™)orFy() . (R")

@ ~» suitable smooth function

FEALORY)  —  f=>"> Amam

v=0mezn

Multiplication by ¢ ... p-f=> Aom (@ Qum)

v=0mezZ"
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Non-smooth atomic decomposition
Application: pointwise multipliers

Lemma [scharf (2013)]

There exists a constant c with the following property: for all v € Ny, m € Z™, all non-smooth
[K, L]-atoms a,., and all p € C?(R™) with p > max(K, L), the product

clle | CP®RMIT - ¢ avm
is a non-smooth [K, L]-atom with support in d Q..
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Non-smooth atomic decomposition
Application: pointwise multipliers

Lemma [scharf (2013)]

There exists a constant c with the following property: for all v € Ny, m € Z™, all non-smooth
[K, L]-atoms a,., and all p € C?(R™) with p > max(K, L), the product

clle | CP®RMIT - ¢ avm
is a non-smooth [K, L]-atom with support in d Q..

Theorem
Letw = (w;)jeny € WS, .ap (R™) andp, g € P9 (R™).
(i) Let p > max (a2,0p — a1 + ciog(1/q)). There exists a positive number c such that
o £ 1 Biyay ®I < clig | R - 11 | B0y R
forall o € C*(R™)andall f € By, .\ (R™).

TU-Chemnitz - Helena Gongalves 20/22 http://www.tu-chemnitz.de/


http://www.tu-chemnitz.de/

Non-smooth atomic decomposition
Application: pointwise multipliers

Lemma [scharf (2013)]

There exists a constant c with the following property: for all v € Ny, m € Z™, all non-smooth
[K, L]-atoms a,., and all p € C?(R™) with p > max(K, L), the product

clle | CP®RMIT - ¢ avm
is a non-smooth [K, L]-atom with support in d Q..

Letw = (w;)jeny € WS, .ap (R™) andp, g € P9 (R™).
(i) Let p > max (a2,0p — a1 + ciog(1/q)). There exists a positive number c such that
e - £ 1 Bpyaey R < ell | CXR™N - [1f | Byiey gy R
forall o € C*(R™)andall f € By, .\ (R™).
(i) Letp™, g™ < ooand p > max(az,dp, — cu). There exists a positive number c such that
o f 1 EFaly,ay R < cllo | PRI If | Fyty,q) R™)I
forallp € C*(R")and all f € F() . (R™).
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